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Concentration Inequalities

In this Lemma, we bound the probability of a random variable being far from the expectation.
Theorem 1 (Markov Inequality). Let X > 0 be a random variable. Then, for any a > 0,

E[X]

Pr[X >a] <
a

Proof. Case (I) Discrete.
Let X > 0 be discrete random variable taking values in {x;} and p(x) be probability mass function

of X.
E[X] = Z%P(xz) = Z zip(z;) + Z zip(;)

z;<a T;>a

< Z ap(z;) = aPr[X > a]

x;>a

By rearranging, we get the inequality.

Case (II) Continuous.
Let X > 0 be continuous random variable and f(z) be probability density function of X.

oo a o0
E[X] = / af(x)dx = / xf(x)dx —|—/ xf(x)dz
0 0 a
< / af(x)dz = aPr[X > d]
By rearranging, we get the inequality. O

Note that Markov is a first order inequality. We can use Markov inequality to get similar higher
order inequalities (higher order inequalities give tighter bounds on probability). Particularly, we
apply Markov inequality to ¢(|X — E[X]|) where ¢(¢) is an increasing function in t.

Theorem 2 (Chebyshev Inequality). Let X be a random variable. Then, for any a > 0,

Var[X]

Pr[|X — E[X]| > qa] < 2

Proof. Let X be a random variable with E[X] = u. Let ¢(t) = 2. Using Markov inequality,

Pr(|X — p| > a] = Pr(¢(|X — pul) = ¢(a)] <E[(|X — ul)]/d(a)
< E[X — uf*)/a* = Var[X]/a®



As mentioned earlier, with different ¢ we can get different higer order inequalities. Using ¢(t) = e

gives us chernoff inequality. Since, e = 1+ /1! + 22/2! + 23/3!- - .| chernoff captures inequalities
for every order. This is the same reason why Gaussian kernel is used in SVM.

Theorem 3 (Chernoff Inequality). Let X be a random variable. Then, for t > 0,
Pr[X >t] < e ¥x®
where Y is the cramer transform of X (See Proof).

Proof. Let X be a random variable and a > 0. Using Markov inequality and ¢(t) = e*t,

Pr[X > a] = Pr[¢(X) = ¢(a)] < E[¢(X)]/¢(a)
< E[e*]/e* = exp (~(Aa — In (E[e*¥]))

Let ¢¥x(\) = In(E[e*¥]) (¢x is referred as cumulant function of X and E[e*X] is the Moment
Generating Function (MGF)). Because, above holds for any A, we find the A that gives tightest
bound.

Pr[X > a] < exp(—(Aa —¢¥x (X))
< exp (= sup(Aa = ¢x ()
Define 1% (a) = sup, (Aa — In (E[e*X])) as the Cramer transform of X. Then,

Pr[X > a] < e ¥x(@

O

Example. Chernoff bound for gaussian distribution. Let X ~ G(u,0?). Using Gaussian intergral,
MGF, E[e*] = exp(A\202/2 4+ p)). Thus, ¥x (\) = pA + 02A%/2. Minimizing Aa — ¥x (\) over A,
we get Y% (a) = (1 — a)?/202. Thus,

Pr[X >a] < e~ (nma)?/20°



